Introduction
This note is another contribution to the old theme of sparse graphs with high chromatic number [4] .
For a positive integer k and a connected graph G with at least k + 1 vertices, let f(G, k) denote the minimum number m of edges such that after adding m edges (and any number of vertices) to G we obtain a graph with chromatic number at least k + 1. Since G is connected, we can add k 2 edges to some subtree of G with k edges so that the resulting graph contains the complete graph K k+1 . Thus f(G, k) k 2 for every connected graph G with at least k + 1 vertices. One may expect that if in addition G is k-chromatic, Adding Edges to Increase the Chromatic Number of a Graph
However, in the 1970s, Bollobás [1] suggested that for every k 3 there exists a k-chromatic connected graph G k with at least k + 1 vertices such that
The goal of this note is to prove this conjecture. In [3] , the authors used uniform hypergraphs of large girth to modify the classic construction of Tutte (see [2] ) to obtain a sequence of sparse graphs G(k, g) with chromatic number k and girth g. We shall use these graphs to prove our result. The properties of these graphs we shall need are collected in the following lemma. Our main result, stated next, will be proved in Section 2.
) and let H = (V , E ) be a graph with
Proof of Theorem 1.2
As every graph of chromatic number k + 1 contains a subgraph of minimum degree k, it suffices to show that if H has minimum degree k then This implies |E | k 2 /2, and so the theorem. Suppose (2.2) is false, i.e., |W i | < k 2 for every i; thus our task is to arrive at a contradiction. Since
there is an i with |V i | > k 3 and so 
